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Abstract
The Lorentz invariant formalism for description of neutrino flavour
oscillations in moving and polarized matter is developed. It is shown
that the neutrino effective potential, which determines the effective
mass difference between neutrinos in matter can be significantly changed
by relativistic motion of matter. In the case of matter motion parallel
to neutrino propagation, matter effects in neutrino flavour oscillations
are suppressed. In the case of relativistic motion of matter in the
opposite direction substantial increase of effects of matter in neutrino
oscillations is predicted. The dependence of the matter term in neu-
trino effective potential on the values and correlations of the three
vectors, the neutrino and matter speeds and matter polarization, is
discussed in detail.
The problem of neutrino propagation in matter, starting from the paper
of Wolfenstein [1], is still under intensive study. One of the most famous
results in this field was obtained by Mikheyev and Smirnov [2] who showed
that there is a mechanism for resonance amplification of neutrino flavour
oscillations in matter (the MSW effect). Now it is commonly believed that
neutrino oscillations in matter can provide not only solutions for the solar
and atmospheric neutrino puzzles but also have important applications in
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different astrophysical and cosmology environments (see, for example, [3]-[5]
and references therein).
In this paper we should like to discuss a new phenomenon in neutrino
flavour oscillations in matter that have never been considered before neither
in textbooks and monographs on neutrino physics nor in papers in research
journals. We show below (see also [6]) that the matter Wolfenstein term in
neutrino effective potential can be substantially increased or suppressed in
the case of matter moving with relativistic speed. This effects can lead to
interesting consequences for environments with neutrino propagating through
relativistic jets of matter. As an example, we point out that astrophysical
systems, such as quasars and microquasars, are believed to emit collimated
relativistic jets of plasma. Another important application of the studied
here effect can be found within several models of gamma-ray bursts ( see
for a resent review [7]) where highly relativistic matter with Lorentz factor
γ ∼ 102 − 103 is supposed to be accelerated in the fireball shocks.
In the frame of the Lorentz invariant approach (see [6],[8]-[11]) to descrip-
tion of the neutrino flavour and spin oscillations in matter we get below the
effective neutrino potential which contributes to the Hamiltonian describing
neutrino evolution in the case of matter motion with arbitrary (also relativis-
tic) total speed. We show here that the matter motion could lead to sufficient
change in the neutrino flavour oscillation probabilities and other neutrino os-
cillation parameters (like the effective mixing angle and oscillation length) if
matter is moving with relativistic speed. In particular, in the case of matter
moving parallel to the neutrino propagation, the Wolfenstein matter term in
the neutrino effective potential is suppressed. Contrary to this suppression
effect, in the case of relativistic motion of matter in the opposite direction
in respect to neutrino propagation, substational increase of effects of matter
in neutrino flavour oscillations is predicted. We also argue that effects of
matter motion have to be accounted for in the resonance conditions for the
neutrino flavour oscillations. Effects of matter polarization are also taken
into account, and the dependence of the matter term in neutrino effective
potential on the values and correlations of the three vectors, the neutrino
and matter speeds and matter polarization, are discussed in detail.
It should be also noted here that effects of matter polarization in neutrino
oscillations were considered previously in several papers ( see, for example,
[12, 13] and references therein). However, the procedure used in refs. [12, 13]
of accounting for the matter polarization effect does not enable one to study
the case of matter motion with total relativistic speed. Within our approach
we can reproduce corresponding results of [12, 13] in the case of matter which
is slowly moving or is at rest.
Our goal is to investigate neutrino oscillations characteristics in the case
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of relativistic motion of matter which is composed of different charged and
neutral background fermions, f = e, n, p, µ, τ , νe, νµ, ντ , etc, accounting for
possible effects of matter motion and polarization. In the general case each of
the matter components is characterised by the number density nf , the speed,
~vf , of the reference frame in which the mean momentum of the fermion f is
zero, and fermion polarization λµf . The fermion f current is determined as
jµf = (nf , nf~vf). (1)
If a component of the matter f is slowly moving or is at rest in the laboratory
frame, vf ≈ 0, the fermion current equals
jµf = (nf , 0, 0, 0). (2)
The polarization of each of the matter components f is given by
λµf =

nf~ζf~v1f , nf~ζf√1− v2f + nf~vf
(
~ζf~vf
)
1 +
√
1− v2f

 . (3)
Here vectors ~ζf (0 6 |~ζf |2 6 1) are the mean values of polarization vectors of
background fermions f in the reference frame in which the mean momentum
of fermions f is zero. These vectors are determined by the two-step averaging
procedure described in ref. [10]. In the case of non-moving matter component
f , ~vf = 0, the fermion f polarization is
λµf = (0, nf
~ζf). (4)
Let us suppose that at least one of the matter components f is moving
as a whole with relativistic speed, vf ≈ 1. For simplicity, let us consider
neutrino two-flavour oscillations, e.g. νe ↔ νµ, in matter composed of only
one component, electrons (f = e), moving with relativistic total speed. Gen-
eralisation for the case of other types of neutrino conversions and different
compositions and types of motion of matter is straightforward.
The matter effect in neutrino oscillations occurs as a result of elastic for-
ward scattering of neutrinos on the background fermions. In our case the
difference ∆V between the potentials Ve and Vµ for the two-flavour neutri-
nos is produced by the charged current interaction of the electron neutrino
with the background electrons. Note that the neutral current interaction is
affective in oscillations between the active and sterile neutrinos. Concluding
remarks of the paper are devoted to this type of neutrino oscillations. We do
also account for effects of matter polarization which vanishes if there is no
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preferred spin orientation of electrons. Note that these effects were discussed
in detail for neutrino flavour oscillations in non-moving matter [12] and also
for neutrino spin oscillations in moving matter [10]. We neglect below the
momentum dependence of the charged vector boson propagator. Then the
corresponding part of the neutrino effective Lagrangian can be written in the
following form (see [10] and also [14])
Leff = −fµ
(
ν¯γµ
1 + γ5
2
ν
)
, (5)
where
fµ =
√
2GF (j
µ
e − λµe ). (6)
This additional term in the Lagrangian modifies the Dirac equation for neu-
trino:
(γ0E − ~γ~p−m)ψ = (γµfµ)ψ. (7)
Rearranging the terms we get the neutrino dispersion relation in matter in
the following form,
E =
√
(~p− ~f)2 +m2 + f0. (8)
The further simplification is found to occur in the limit of weak potential
|~f | ≪ p0 =
√
~p 2 +m2. Thus we get for the effective energy of the electron
neutrino in the moving and polarized matter
E =
√
~p 2 +m2 + U
{
(1− ~ζe~ve)(1− ~β~ve)+√
1− v2e
[
~ζe~β − (
~β~ve)(~ζe~ve)
1 +
√
1− v2e
]}
+O(γ−1ν ),
(9)
where ~β is the neutrino speed, γν = (1− β2)−1/2, and in the considered case
of the two-flavour neutrino oscillations νe ↔ νµ and one-component matter
U =
√
2GFne.
The effective electron neutrino energy in addition to the vacuum energy
p0 contains the matter term which is proportional to the electron number
density ne. Let us underline that ne is related to the invariant electron
number density n0 given in the reference frame for which the total speed of
electrons is zero,
ne = n0/
√
1− ve2. (10)
There is no matter term in the muon neutrino effective energy in the case of
matter composed of only electrons. If matter is slowly moving or is at rest,
ve ≈ 0, eq. (9) includes the well known result for the Wolfenstein matter
term [1].
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The important new phenomenon, as it can be seen from eq. (9), is the
matter term dependence on the value of the total speed ~ve, polarization ~ζe of
background electrons, neutrino speed ~β and correlations between these three
vectors.
Now following the usual procedure for the two-flavour neutrinos, νe and
νµ, with mixing in the high-energy limit it is possible to get the constant-
density solution for the neutrino oscillation problem. Thus, the probability
of neutrino conversion νe → νµ can be written in the form
Pνe→νµ(x) = sin
2 2θeff sin
2 πx
Leff
, (11)
where x is the distance travelled by neutrino in moving and polarized matter.
The effective mixing angle, θeff , and the effective oscillation length, Leff , are
given by
sin2 2θeff =
∆2 sin2 2θ(
∆cos 2θ − A
)2
+∆2 sin2 2θ
, (12)
Leff =
2π√(
∆cos 2θ − A
)2
+∆2 sin2 2θ
. (13)
Here ∆ = δm2ν/2|~p |, δm2ν = m22−m21 is the difference of the neutrino masses
squired, ~p is the neutrino momentum, θ is the vacuum mixing angle and
A =
√
2GF
n0√
1− v2e
{
(1− ~β~ve)(1− ~ζe~ve) +
√
1− v2e
[
~ζe~β − (
~β~ve)(~ζe~ve)
1 +
√
1− v2e
]}
.
(14)
One can see that the neutrino oscillation probability, Pνe→νµ(x), the mix-
ing angle, θeff , and the oscillation length, Leff , exhibit dependence on the
total speed of electrons ~ve, correlation between ~β, ~ve and polarization of
matter ~ζe. The resonance condition
δm2ν
2|~p | cos 2θ = A, (15)
at which the probability has unit amplitude no matter how small the mixing
angle θ is, also depends on the motion and polarization of matter and neutrino
speed. We show below that the relativistic motion of matter could provide
appearance of the resonance in the neutrino oscillations in certain cases when
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for the given neutrino characteristics, δm2ν , |~p | and θ, and the invariant
matter density at rest, n0, the resonance is impossible.
Let us consider first unpolarized matter, ζe ≈ 0. Then the expression in
the right hand side of eq. (15) is equal to the difference of the vector parts
of neutrino νe and νµ effective potentials (see also [6]),
V V =
√
2GF
n0√
1− v2e
(1− ~β~ve). (16)
The resonance condition (15) can be rewritten as
δm2ν
2|~p| cos 2θ =
√
2GF
n0√
1− v2e
(1− ~β~ve). (17)
Note that the value of n0 gives the matter density in the reference frame for
which the total speed of matter is zero. It follows that the effect of matter
motion in the resonance condition depends on the factor
a =
1− ~β~ve√
1− v2e
. (18)
The appearance of the same factor in the matter term for neutrino spin
oscillations was shown in [10].
If one estimates this factor for the ultra-relativistic neutrinos, β ≈ 1, and
matter moving along the direction of neutrino propagation with total speed
ve, then
1− ~β~ve√
1− v2e
=
√
1− ve
1 + ve
. (19)
Here we suppose that the condition γe ≪ γν is valid, γe = (1 − v2e)−1/2. For
example, this condition in the case of the neutrino mass and energy to be
equal to mν ∼ 2eV and Eν ∼ 10MeV sets a limit on the total energy of
the background electrons on the level of Ee < 2.5TeV . In the opposite case,
when matter is moving against the direction to the neutrino propagation, we
get
1− ~β~ve√
1− v2e
=
√
1 + ve
1− ve . (20)
From these estimations it follows (see [6]) that: 1) the relativistic motion
of matter, ve ∼ 1 , along the neutrino propagation could provide the reso-
nance increase of the oscillation probability if the matter density n0 is too
high for the resonance appearance in non-moving matter, 2) the relativistic
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motion of matter in opposite direction to the neutrino propagation could pro-
vide the resonance increase of the oscillation probability if the matter density
n0 is too low for the resonance appearance in non-moving matter.
Now let us discuss the case when the matter polarization effects are also
important, ~ζe 6= 0. Consider the axial part of the difference of neutrino
effective potentials. From the general expression, eq.(14), for A = V V + V A
we find that the axial part is given by
V A =
√
2GFn0
{
~ζe~β − (1−
~β~ve)(~ζe~ve)√
1− v2e
− (
~β~ve)(~ζe~ve)
1 +
√
1− v2e
}
. (21)
In the case of non-moving matter, ve ∼ 0, we find
V A =
√
2GFn0~ζe~β. (22)
This result coincides with the corresponding expression of ref. [12] if one
follows approximation ~β = ~kν , where ~kν = ~pν/|~pν | is the unit vector in the
direction of the neutrino momentum.
We get the same result, eq. (22), if electrons are polarized in the trans-
verse plane, ~ζe~ve = 0. Let us underline that due to the condition ~ζe ⊥ ~ve the
axial potential V A does not depend on the absolute value of matter speed
ve. In this case for the relativistic neutrino V
A is zero only if neutrino is
also propagating in the perpendicular direction to the matter polarization.
Note that this statement is valid also for the case of the relativistic motion
of matter (see below).
In an analogy with what have been found for the matter term in the
neutrino spin oscillations [10], the potential V A exhibits critical dependence
on the correlation between the direction of the neutrino propagation, ~kν, and
the direction of the matter motion given by the unit vector (~ke = ~ve/ve). For
these two particular cases, ~kν~ke = ±1, from eq. (21) we get
V A
∣∣∣
(~kν~ke)=1
=
√
2GFn0~ζe~kν
√
1− ve
1 + ve
, (23)
and
V A
∣∣∣
(~kν~ke)=−1
=
√
2GFn0~ζe~kν
√
1 + ve
1− ve . (24)
For the neutrino and matter motion along one line with respect to the sign of
~kν~ke = ±1 there can be a significant decrease (see also ref. [12]) and increase
of matter term.
Let us compare eqs. (23) and (24) with eq. (22) for the potential V A
which is also valid for the transversal polarization, ~ζe~ve = 0, and relativistic
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motion of matter, ve ∼ 1. It follows that in the relativistic case and transver-
sal polarization of matter the potential V A is zero not for any momenta of
neutrinos (as it was claimed in [12]), but only when neutrino is also propa-
gating in the transverse plane with respect to the matter polarization and in
addition to ~ζe~ve = 0 the condition ~ζe~kν = 0 is valid.
The total potential A = V V + V A for arbitrary motion of matter in the
direction of the neutrino propagation, ~ke~kν = 1, as it follows from eqs. (16),
(19) and (23), is
A =
√
2GFn0
√
1− ve
1 + ve
(1 + ~ζe~kν). (25)
The total potential A in the relativistic case has a general suppression factor
(1− ve)1/2 ≪ 1, and is zero for the complete matter polarization ~ζe~ke = −1.
In the case of opposite motion of matter and the neutrino, ~ke~kν = −1, from
eqs. (16), (20) and (24) we get for the total potential,
A =
√
2GFn0
√
1 + ve
1− ve (1 +
~ζe~kν). (26)
It follows that the total potential can be substantially increased for the rel-
ativistic motion of matter due to the factor (1 − ve)−1/2 ≫ 1, however in
the case of the longitudinal polarization of matter, ~ζe~ke = 1, the potential is
zero.
In conclusion it is worth noting that a similar analysis can be performed
for any type of the neutrino flavour conversion and different matter compo-
sition. As it follows from the above considerations, there could be a decrease
(increase) of the particular matter component contribution to the difference
of neutrino potentials if the matter component is moving along (against) the
direction of neutrino propagation. If different matter components move with
different speeds, the difference of neutrino effective potentials in the general
case depends on each of the speeds. As an example, let us consider the case
of electron neutrino νe conversion into sterile neutrino νs in the presence of
matter composed of electrons, protons and neutrons. We also suppose that
each of the matter components is characterised by its total speed ~ve,p,n and
invariant number density ne,p,n0 . For simplicity we consider the unpolarized
matter components, then
Aνeνs =
√
2GF
2
{
ne0(1 + 4 sin
2 θW )√
1− v2e
(1− ~β~ve) +
np0(1− 4 sin2 θW )√
1− v2p
(1− ~β~vp)− n
n
0√
1− v2n
(1− ~β~vn)
}
.
(27)
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From this expression it follows that new phenomena are expected to appear in
the case of moving matter which are absent if matter is at rest. For instance,
it is easy to see that if ~ve 6= ~vp, then the neutral current contributions from
the electron neutrino elastic forward scattering off the background electrons
and protons does not cancel even in the case when the electron and proton
invariant densities are equal n
(0)
e = n
(0)
p . This phenomenon can exist in the
relativistically expanding fireballs which are predicted within several models
of gamma-ray bursts [7] and in which the electron Lorentz factor may exceed
that of the proton by a factor up to the ratio of the proton to the electron
mass.
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